Abstract A Z 2 -triple cyclic code of block length (r, s,t) is a binary code of length r + s + t such that the code is partitioned into three parts of lengths r, s and t such that each of the three parts is invariant under the cyclic shifts of the coordinates. Such a code can be viewed as
for these codes and derived the relationship between the codes and their duals. Similarly structure of double cyclic codes over the rings Z 4 and F 2 + uF 2 + u 2 F 2 , u 3 = 0 have been studied in [14] [17] . In [17] , Gao et al. have obtained some optimal or suboptimal non-linear binary codes. A double cyclic code is in fact a generalized quasi-cyclic (GQC) code of index two. Kulhan and Siap introduced GQC codes over finite fields [16] and the study has been extended to various finite rings by many authors [7, 8, 9, 12, 13] . Most of these studies focused on exploring 1-generator GQC codes where they have succeeded to find their duals and obtained a good number of optimal codes.
In this paper, we extend the concepts given in [4] and [17] and study the algebraic structure of Z 2 -triple cyclic codes. We give a minimal spanning set for these codes. Further we present the structure of duals of these codes via their generators. The paper is organized as follows. In Section II, we introduce some basic notations and definitions of Z 2 -triple cyclic codes and derive the generators for these codes. In Section III, we determine a minimal spanning set for Z 2 -triple cyclic codes. In Section IV, we show the relationship between generators between Z 2 -triple cyclic codes and their duals.
Z -triple cyclic codes
Let r, s and t be three positive integers and n = r + s + t. Let C be a binary linear code of length n. The n coordinates of each codeword of C can be partitioned into three sets of size r, s and t. Therefore C is a Z 2 -submodule of Z r 2 × Z s 2 × Z t 2 . Let C be a Z 2 -triple cyclic code of block length (r, s,t). Let C r be the canonical projection of C on the first r coordinates, C s be the projection of next s coordinates and C t be the projection of C on the last t coordinates. It is easy to see that these projections C r , C s and C t are binary cyclic codes of length r, s and t respectively. C is called separable if C = C r × C s × C t .
Definition 1 For any three positive integers r, s and t, a Z
The dual C ⊥ of a Z 2 -triple cyclic code C of block length (r, s,t) is defined as
where v · v ′ is the usual inner product over Z 2 .
Let m = lcm(r, s,t). The following result shows that the dual of a Z 2 -triple cyclic code of block length (r, s,t) is also a Z 2 -triple cyclic code of same block length.
Theorem 1 If C is a Z 2 -triple cyclic code of block length (r, s,t), then C ⊥ is also Z 2 -triple cyclic code of block length (r, s,t).
As v is an arbitrary element of C, the result follows. Now we determine the generators for a Z 2 -triple cyclic code C of block length (r, s,t). For this, we first consider the algebraic structure of C in
is determined in the corresponding residue ring. Clearly this product is well defined. Therefore R r,s,t [x] is a Z 2 [x]-module with respect to this product. We note that, in polynomial representation,
The codes in the present setting are in fact the extensions of both binary cyclic codes and Z 2 -double cyclic codes that defined in [4] .
We denote f * g simply by f g. The following result follows immediately from the previous discussion.
Theorem 2 Let C be a binary linear code of length r
Since both the modules Z t 2 and Z r 2 × Z s 2 can be obtained by projecting Z r 2 × Z s 2 × Z t 2 on first r coordinates and r + s co-ordinates respectively, we make use of the cyclic structures of both binary codes and Z 2 -double cyclic codes as given in [4] to find the generator polynomials for a Z 2 -triple cyclic code C of block length (r, s,t) in R r,s,t [x] . The following theorem gives the generators for a Z 2 -double cyclic code of block length (r, s), which is useful for the rest of our study.
x s −1 is a noetherian module, and every submodule C of R r,s can be written as
In the following theorem, we determine the generator polynomials for Z 2 -triple cyclic codes of block length (r, s,t).
It is easy to see that π t is a Z 2 [x]-module homomorphism with kernel ker C (π t ) = {(c 1 | c 2 | 0) ∈ C}, and therefore the set
, with b|x r − 1 and a|x s − 1. This implies that ker C (π t ) = (b | 0 | 0), (l | a | 0) . On the other hand the image of C under π t is an ideal of Z 2,t [x] and as Z 2,t [x] is a PID, there exists g 3 ∈ Z 2,t [x] such that π t (C) = g 3 . Therefore we have
. Hence the theorem.
The following results are useful to understand the structure and hence to determine a minimal spanning set for a Z 2 -triple cyclic code. The minimal spanning set of a Z 2 -triple cyclic code can be used to determine its cardinality and the generator matrix. In the rest of the paper we consider the Z 2 -triple cyclic code as defined in Theorem 5. 
Lemma 1 Let
Hence, we may assume that deg(l) < deg(b). Similarly, we can show deg(g 1 ) < deg(b). 
3. b divides
Proof We have
This implies that
a l. Similarly, we can prove the second result. For result (3), as a|
we have
Also as (kl | ka | 0), (
The result follows as kl +
In the following theorem we determine a minimal spanning set for a Z 2 -triple cyclic code.
Theorem 6 Let
Moreover,
Proof Let c be a codeword in C. Then there exist
It easy to see that
The second result follows as S is linearly independent.
The following example illustrates this.
. Then, C holds all the conditions given in Lemma 1 and Lemma 2. Therefore, C is a Z 2 -triple cyclic code of block length (7, 7, 7) . Also, S = S 1 ∪ S 2 ∪ S 3 forms a generating set for C, where
The cardinality of C is 2 9 . Also, C is generated by the generator matrix G, where 
Further, the minimum Hamming distance of C is 4 and therefore, C is a [21, 9, 4] binary linear code with the Hamming weight distribution given by [< 0, 1 >, < 4, 7 >, < 6, 21 >, < 8, 98 >, < 10, 154 >, < 12, 175 >, < 14, 49 >, < 16, 7 >].
Duals of Z 2 -triple cyclic codes
In this section, we determine the duals of Z 2 -triple cyclic codes of block length (r, s,t). In Theorem (1), it is shown that the dual C ⊥ of a Z 2 -triple cyclic code C is also a Z 2 -triple cyclic code. Therefore, we may let For any polynomials f , g ∈ Z 2 [x], we denote the g.c.d. of f and g by ( f , g), and we extend this notation for three or more polynomials. For any polynomial f of degree n the reciprocal of f is defined as f * = x n f (
The following result is usefull for our study.
Theorem 7 Let f and g be two binary polynomials, such that
Proof The proofs of (1), (2) and (3) 
The result follows.
Now we define a mapping
x m −1 such that
where
The map ψ is a bilinear map between the two Z 2 [x]-modules. ψ is a generalization of a similar map defined in [4] for Z 2 -double cyclic codes.
Lemma 3 Let u
. Then u is orthogonal to v and all its cyclic shifts if and only if ψ(u, v) = 0.
Rearranging the terms in the summation we get The following result gives the cardinalities of the projections C r , C s and C t and their duals, which can further be used to obtain the duals of a Z 2 -triple cyclic codes.
Lemma 4 Let u
= (u 1 | u 2 | u 3 ) and v = (v 1 | v 2 | v 3 ) in R r,s,t [x] such that ψ(u, v) = 0.
Theorem 8 Let
C = (b | 0 | 0), (l | a | 0), (g 1 | g 2 | g 3 ) be a Z 2 -
triple cyclic code of block length (r, s,t).
Then, 1 and
Proof
be a Z 2 -triple cyclic code of block length (r, s,t) and C ⊥ be its dual. Then from Theorem 6, C is spanned by S = S 1 ∪ S 2 ∪ S 3 and therefore C is generated by the matrix whose rows are the elements of the set S. Let C 1 , C 2 and C 3 be the subcodes of C generated by S 1 , S 2 and S 3 respectively, and let G 1 , G 2 and G 3 be their generator matrices, where
 forms a generator matrix for C.
Now we obtain an equivalent form of the matrix G by adjusting its rows, so that we can make use of this equivalent form and find the cardinalities of the respective projections C r , C s and C t . It is easy to see that C r is generated by (b, l, g 1 ), and this implies that the dimension of C r is r − deg(b, l, g 1 ), which is greater than or equal to r − deg(b). Therefore, B must have a submatrix, say B k 1 , of full rank
Add the corresponding rows of G 2 that contain B k 1 , to G 1 . As a result, G 2 is now reduced to the matrix of the form G generated by (a, G 2 ) , we have the dimension of C s as s − deg(a, g 2 ). Therefore, the matrix E must have a submatrix, say E k 2 , of full rank , g 2 ) . Again, adding the rows that contain the matrix E k 2 , to G ′ 2 , we get the remaining part of the generating matrix G of C as (D ′ | E ′ | F I r−deg(g 3 )−k 2 ). Therefore, the generator matrix G of C is permutationally equivalent to the matrix G ′ , where
The cardinalities of C r , C s and C t and their duals follow from G ′ . The cardinalities of (C ⊥ ) r , (C ⊥ ) s and (C ⊥ ) t can be obtained by projecting the parity check matrix of C on first r coordinates, next s coordinates and remaining last t coordinates, respectively. Hence the theorem.
Theorem 9 Let
triple cyclic code of block length (r, s,t) and
Proof First we determine the degree ofb. From the definition of C ⊥ , it is easy to show that (C r ) ⊥ = b . This implies that | (C r ) ⊥ |= 2 r−deg (b) . From Theorem 8, we have | (C r ) ⊥ |= 2 deg(b,l,g 1 ) . Therefore
Now, as (b | 0 | 0) ∈ C ⊥ , from the definition of ψ, we have
From equations (5) and (6), we get λ = 1 and henceb (b, l, g 1 ) * = (x r − 1).
triple cyclic code of block length (r, s,t). Then
0 | 0 | abG 3 (b,l,g 1 )(a,g 2 ) ∈ C. Proof Since (b | 0 | 0), (l | a | 0) ∈ C, so l (b,l,g 1 ) (b | 0 | 0) + b (b,l,g 1 ) (l | a | 0) = 0 | ab (b,l,g 1 ) | 0 ∈ C. Similarly (b | 0 | 0), (g 1 | g 2 | g 3 ) ∈ C implies that 0 | bg 2 (b,l,g 1 ) | bg 3 (b,l,g 1 ) ∈ C. The gcd of ab (b,l,g 1 ) and bg 2 (b,l,g 1 ) is b(a,g 2 ) (b,l,g 1 ) . Therefore, as 0 | ab (b,l,g 1 ) | 0 , 0 | bg 2 (b,l,g 1 ) | bg 3 (b,l,g 1 ) ∈ C, we have 0 | 0 | abg 3 (a,g 2 )(b,l,g 1 ) ∈ C Theorem 10 Let C = (b | 0 | 0), (l | a | 0), (g 1 | g 2 | g 3 ) be a Z 2 -
triple cyclic code of block length (r, s,t) and
Proof Again, first we determine the degree ofĝ 3 . From the definition of C ⊥ , it is easy to show that (C ⊥ ) s = ĝ 3 and this implies that
Now from Lemma 5, we have 0
. From the degree consideration ofĝ 3 from equation (7), we get λ ′ = 1. The result follows.
Theorem 11 Let
triple cyclic code of block length (r, s,t) and
Proof From the definitions of C and C ⊥ , we have
On the other hand, it is easy to show that 0
In the following theorem, we obtain the explicit forms for λ 1 and λ 2 that are given in Theorem 11. − 1)(b, l, g 1 )  *  (a, g 2 ) * , where
Theorem 12 Let
Substitutingĝ 1 andĝ 2 from Theorem 11, in equations (8) and (9), and rearranging the terms, we get
and
From equations (10) and (11), we get
. (12) Equation (12) can be rewritten as
Since a * (a,g 2 ) * and g * 2 (a,g 2 ) * are relatively prime, we get from equation (14) λ
mod a * (a, g 2 ) * . . Substituting λ 2 in equation (10) and using the similar arguments that given in finding λ 1 , we therefore get
Hence the result.
Theorem 13 Let
triple cyclic code of block length (r, s,t) and
Proof First we determine the degree ofâ. We note that
Again, as (C ⊥ ) r = (b,l,ĝ 1 ) , from Theorem (8), we have
Therefore, from equations (15), (16) and from Theorem (9), we get
where γ = (γ 1 , γ 2 ). From equations (17) and (18), we get γ = 1. The result follows.
Theorem 14 Let
be a Z 2 -triple cyclic code of block length (r, s,t) and
1100011000 000000000000 000000000000000 0110001100 000000000000 000000000000000 0011000110 000000000000 000000000000000 0001100011 000000000000 000000000000000 1000010000 100000100000 000000000000000 0100001000 010000010000 000000000000000 0010000100 001000001000 000000000000000 0001000010 000100000100 000000000000000 0000100001 000010000010 000000000000000 1000010000 000001000001 000000000000000 1000010000 011011000000 111011100100100 0100001000 001101100000 011101110010010 0010000100 000110110000 001110111001001
Further, the minimum Hamming distance of C is 4 and therefore, C is a [37, 13, 4] binary linear Code. From Theorem (15), we have the dual code of C as
Let t = 0. Then by taking g 1 = g 2 = g 3 = 0, we have (b, l, g 1 ) = (b, l) and (b, g 1 ) = b and hence from Theorem (15), we see that Z 2 -double codes are special case of the family of codes that we are considering when t = 0. Thus we have the following result. 

 .
The following theorem shows that the dual of a separable Z 2 -triple cyclic code is also separable. 
Conclusion
In this paper we have considered Z 2 -triple cyclic codes of block length (r, s,t). We have studied the structure these codes and determined the form of their generators of these codes. We have determined the size of Z 2 -triple cyclic codes by giving a minimal spanning set. We also studied the relationship between the generators of Z 2 -triple cyclic codes and their duals and determined the generators for dual of a Z 2 -triple cyclic code.
